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ABSTRACT 

In this paper we provide a manifestly N = 2 supersymmetric formulation of 
the M-fivebrane in the presence of threebrane solitons. The superspace form of 
four- dimensional effective equations for the threebranes are readily obtained and 
yield the complete Seiberg-Witten equations of motion for N = 2 super- Yang- 
Mills. A particularly simple derivation is given by introducing an N = 2 superfield 
generalisation of the Seiberg-Witten differential. 
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1. Introduction 



One of the most interesting recent developments is the connection between 
classical brane dynamics and quantum field theories. This work was initiated by 
Witten [1] who studied a configuration of NS-fivebranes and D-fourbranes in type 
IIA string theory, for which the low energy effective action is a four-dimensional 
N = 2 Yang-Mills theory From the M theory point of view this configuration is a 
single M-fivebrane with a complicated set of self-intersections and it was argued in 
[1] that it is in fact wrapped on a Riemann surface E. This identification provides 
a systematic explanation of the origin of the auxiliary curve in the Seiberg- Witten 
solution of N = 2 Yang-Mills [2] for various gauge groups and matter content 
and also illuminates many qualitative features of quantum Yang-Mills theories. A 
similar role for the Riemann surface also appeared in [3] when considering Calabi- 
Yau compactifications of type II strings. 

In [4] the worldvolume soliton solution for the intersection of two M-fivebranes 
(or self-intersection of a single M-fivebrane) was found. The Riemann surface 
then appears naturally as a consequence of the Bogomoln'yi condition. It was 
further shown in [5,6] that the classical effective action for this soliton could be 
calculated from the M-fivebrane's equations of motion and the lowest order terms 
are precisely the full Seiberg- Witten effective action for quantum N = 2 Yang- 
Mills theory. Thus the classical M-fivebrane dynamics contains the entire quantum 
effects of low energy N = 2 577(2) Yang-Mills theory. This correspondence not 
only predicts the correct known perturbative contributions to the /9-function [7] 
but also an infinite number of instanton corrections, of which only the first two 
have been found by explicit calculation [8]. 

In this paper we will restrict our attention to the case of two threebranes whose 
centre of mass is fixed. However our work can be readily extended to the more 
general case. In the corresponding type IIA picture one sees two NS-fivebranes 
with two D-fourbranes suspended between them so that the low energy effective 
action is A = 2 SU(2) Yang-Mills [1]. We provide a complete N = 2 superspace 
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proof of the equivalence between the low energy motion of threebranes in the M- 
fivebrane and the low energy Seiberg-Witten effective action for quantum N = 2 
SU (2) super- Yang-Mills, extending the results of [5,6] to include the fermionic zero 
modes. However our primary motivation for this work is to see what insights and 
simplifications can be gained into the M-fivebrane/Seiberg-Witten correspondence 
from N = 2 superspace, which provides a geometrical unification of all of the zero 
modes. Indeed many of subtleties which appear in the purely bosonic formulations 
can be clearly observed and understood in N = 2 superspace. 



2. N = 2 and N = 1 Superfields 

Let us first recall how the N = 2 chiral effective action decomposes in terms 
of N — 1 superfields. In this paper N = 2 superfields are denoted by calligraphic 
or bold faced letters, N — 1 superfields by upper case letters and N = fields by 
lower case letters. N = 2 Yang-Mills theory is described by a chiral superfield A 
[9] 

D^A = , (2.1) 

which also satisfies the constraint 

D ij A = D ij A , (2.2) 

where D* J = D Al D I and D l i = D Al D ■ . This constraint then ensures that the 
A A 

vector component obeys the Bianchi identity and that the auxiliary field is real. 
The chiral effective action may then be written as 

S = \m J d 4 xd 4 9F(A) . (2.3) 

The solution to the above constraints in the Abelian case is of the form [10] 

A = nUr-'V;; , (2.4) 

where Vij is an unconstrained superfield of mass dimension —2. Varying the action 
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(2.3) with respect to Vij yields 

Im J ^xd^D^SVij^^- = 161m J d 4 xd 8 9SVijD^ {^jj^j , (2.5) 

and hence we find the equation of motion to be 

■ ■(JF -dF 
D v?L = D*]?L. (2.6) 

dA dA 

We observe that if we write Ad — dF/dA and A as a doublet then the constraint 
(2.2) and the equations of motion (2.6) can be written as 

Clearly this system has a set of equations invariant under 

(2.8) 

where Vl e SL(2, Z). Thus an SL(2, Z) symmetry is naturally realised in N = 2 
superspace [11]. 

For a free theory F = iA 2 and we find the equation of motion and constraint 
imply D l i A = D l i A = 0. At 9 Al = this equation sets the auxiliary field to zero 
and ensures the correct equation of motion for the Yang-Mills theory. 

We now solve the N = 2 superspace constraints in terms of N — 1 superfields. 
Let us label the two superspace Grassmann odd coordinates which occur in the 
N = 2 superspace as 6 A1 = 9 A and 9 A2 = r/ A and similarly for their conjugates. We 
also introduce the derivatives Da = and V,4 = D A 2 for which D 2 = D a Da, 
D 2 = D a Dj l and similarly for V 2 and V 2 . We associate the coordinates 6 A 
and 9 A with those of the N — 1 superspace, which we will keep manifest. The 
N = 2 superfield A can be decomposed into the N = I superfields A = A \^=q, 





4 



Wa = V^4 \ v =o and G = — |V 2 ^4 1^=0- These N = 1 superfields are also N — 1 
chiral since A satisfies (2.1); 

D^A = 0, D^W c = 0. (2.9) 

It remains to solve the constraint (2.2). Taking i — 1, j — 2 we find the constraint 
D B W B = D^W B . Taking i = j = 2 we find that 

Vl4 = Dl4 , (2.10) 

which implies G = —\T) 2 A and so G is not an independent superfield. 

We can now evaluate the action (2.3) in terms of N — 1 superfields [12] 



o 



(2.11) 



S = lmJ d 4 xd 2 9d 2 r]F , 

= Im || - I y . 

This is easily recognised as the standard form for the action of an N = 2 Abelian 
Yang-Mills multiplet written in N — 1 superfields. 

At this point we remark on an important notational oddity. Consider the co- 
efficient of DaWb\9=q- Following standard conventions the generators of the four- 
dimensional Lorentz group o iW satisfy = — | ^ up ^o- p \. Therefore D j[W b\q=q = 
^AB^fiv — i* Ffiv)i where is the curl of a four-dimensional gauge field. Now 
the M-fivebrane field content contains a self-dual three form H and one can check 
that F^ — i* F^p must come from the H^ vz component of H (this was also shown 
in [6]). Thus one sees that the lowest component of A must be a(z). In this paper 
then unbarred superfields depend upon z and barred superfields depend on z. This 
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problem has its origins in the two uses for the bar symbol; as complex conjugation 
on the Riemann surface, or as Hermitian conjugation in iV = 2 superspace. We 
are choosing the later definition to have precedence. 



3. The M-Fivebrane and Seiberg-Witten 

We refer the reader to [5,6] for a detailed discussion of the threebrane and its 
zero modes. The Riemann surface E for two threebranes is given by t 2 -2(z 2 -u)t+ 
A 4 = 0, where t = e~ s , z is a coordinate of the surface and u is a modulus related 
to the relative separation of the two threebranes. From a supersymmetric point of 
view it is natural to take the complex scalar s(z) to be the lowest component of a 
chiral N = 2 superfield S with independent N — 1 components 

$ \r/=0= S , Va$ 1,7=0= Haz , (3.1) 



u 



with S \e=Q— s and D aH bz\o=o — "ab^^z- Similarly we promote the moduli 
of the Riemann surface to an iV = 2 superfield U with the independent N = 1 
components 

U |„ =0 = U , V A U |„=o= T A , (3.2) 
and U \e=o= u- We can then define the N = 2 superfields 



A 



j Sdz , A D = jsdz, (3.3) 



A B 



where A and B are a basis of one cycles of S. Given these definitions one can see 
that the r] A components of A and Ad are 

W A = V A jsdz = j^U)T A = ^T A , 

A A (3.4) 

W^ = V A fsdz = j A(U)T A = ^-T A . 

B B 

Here A = %dz is an = 1 superfield whose lowest component is the anti- 
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holomorphic one form A of the Riemann surface. Furthermore it follows from 

Haz = Va«S|»7=0 = -^J^A^\ri=0 = ~fijJ T A , (3-5) 

and (3.4) that 

Hfj,i/z = (F^ - i * iV) = (^j (F^ - i * F^Ag , (3.6) 

which agrees with the ansatz used in [6] for the vector zero modes. 

Now we wish to obtain a manifestly N = 2 formulation of the equations of 
motion for the threebranes of the M-fivebrane [6]. To this end we postulate the 
following equation 

„ , .„ I D M SD'Sd z S D Ai SD,'Sd r .S 
t = D-S - R*A% ^ + R2 - i{g ^ - l + 1=0. (37) 

First we take the % — j — 1 component of (3.7). This gives at rj = 
D 2 9 p2 A 4o ( D A SD A Sd z S T A T A d- z S \_ 

Next we act on (3.8) with D 2 and set the fermions to zero to obtain 
-9 9 94 ( D^D A SDr,D A Sd z S D^f A Dr,f A dgS\ 

d d s + ^ [ ; + fi2A y sP - ; + i = ° • < 3 - 9 » 

This equation can then be evaluated to give 

which is precisely the equation for the scalar zero modes obtained in [6], provided 
that we rescale H^ vz — * AH^ VZ . 
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Now we take the i — 1, j — 2 component of (3.7). At r\ = we find 



DT - +RAd ^ TTwmw + TTimm^ =0 - (311) 



Next we act with DgD^ on (3.11) and set the fermions to zero to obtain 

D D D A T P2 A 4, ( d z SD^D A SD c T A d z SD c D A SD B T A 
D C D,D T A -RAd z [ 1 + R2AHd§{2 rTMW' ( } 



Evaluating (3.12) we then arrive at the equation for the vector zero modes 

d H, v - Z -RAd- z [jTWA^ ~ l + RW\d z s\ 2 ) ~ ' ( } 

which is again precisely the same equation that was found in [6]. Since the scalar 
and vector component equations agree with the correct equations of motion, it 
follows that (3.7) describes the all zero modes of a threebrane soliton in the M- 
fivebrane worldvolume. 

Now that we have shown that (3.7) reproduces the M-fivebrane equations of 
motion we can determine the equations of motion for the massless modes of the 
threebranes solitons by reducing £ = over the Riemann surface. Thus we consider 

= J Edz A A , (3.14) 
s 

where, according to our conventions A = ^dz is an iV = 2 superfield whose lowest 
component is the holomorphic one form A. Expanding out the terms in (3.7) one 
finds 

= D ij UI + D Ai UDju4r ~ D M UD A j UJ + D Ai UD - j UK , (3.15) 
where the /, J and K integrals have appeared before in [6] where their values have 
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also been deduced; 



f * t dAdA, 
I = / A A A = „, - (t - f . 

E 



55 y 1 + m W J fc A A ^ -a? UJ • 

s 

where r(W) = The first integral is easily evaluated using the Riemann bilinear 
identity, however in [6] the two non-holomorhpic integrals required a rather indirect 
method to evaluate them. In the appendix to this paper we provide a direct proof 
of the above expressions for J and K. 

Multiplying by (^j^) -1 one can rewrite (3.15) in the simple form 

D ij A D - D lj A D - Til) 1 ' 1 A - I)' J A) = . (3.17) 
The real and imaginary parts of this equation are equivalent to 

D ij A = Qij^ ) d H Ad = d^Ab , (3.18) 

respectively. Therefore if we introduce a function F(A) defined so that Ad = 
then we see from (3.3) that these equations are precisely those of the Seiberg- 
Witten effective theory for N = 2 SU (2) Yang-Mills with N = 2 superspace action 
(2.3). 

Finally let us consider the following N = 2 superspace generalisation of the 
Seiberg-Witten differential, A$w — Sdz. The lowest component of Asw is the 
Seiberg-Witten differential \sw and its i] A component is the form HAzdz. First 
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we note that for either the A or B cycle 

j{Sdz - Sdz) = j{D ij A sw - D lj K sw ) , (3.19) 

since the non-holomorphic terms in S collect into the form d(f — /). We can 
discard the integral of d(f — /) over the A or B cycles as the function f{S,S) is 
non-singular in a neighbourhood of these cycles, which are therefore closed curves 
on E. A direct derivation of the Seiberg-Witten effective equations of motion comes 
from evaluating 



which yields 



= j> {Sdz - Sdz) = j {D ij A sw ~ D lj \ S w) 

A A 

= j {Sdz - Sdz) = j {D i3 A sw - D ij A sw ) 



jyijf $A A SW\ =L)IJ ( h^Sw\ 
§ B A SW J \§ B &sw J 



(3.20) 



(3.21) 



Clearly an SL{2, Z) transformation on the (A, B) cycles generates the SL{2, Z) 
transformation on (A, Ad) discussed in the previous section. We note that the 
condition D lJ A$w — D lJ Asw is simply the constraint (2.2) applied to A$w- 
Thus the Seiberg-Witten equations of motion can be obtained by imposing the 
N = 2 superfield constraint (2.2) on the generalised Seiberg-Witten differential 
A$w and then integrating it over the cycles of the Riemann surface. 

To make contact with the previous discussion we note that because dz A A = 
(3.14) can be rewritten as 

= J {Sdz - Sdz) A A 
s 

= j {D^Asw ~ D^Ksw) j K ~ j ( Di3A sw ~ D^A SW ) j A (3.22) 

B A A B 

= {EV Ad ~ Z^/,)^ - (D' ij A - D ij A)^ , 
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where we have applied the Riemann bilinear relation and again dropped the total 
derivative terms. In this way we arrive immediately at equation (3.17), whose real 
and imaginary parts are (3.21). 

We would like to thank A. Pressley for discussions on Riemann surfaces. 

Note Added 

From the above superfield construction one sees a potential obstruction to 
obtaining the Seiberg-Witten effective action from a six-dimensional action. The 
chiral nature of A^ = 2 superspace requires that such an action could depend only 
upon Asw — Sdz and not Asw — Sdz. However to obtain a covariant action in 
six dimensions requires both dz and dz to appear. 



APPENDIX 



In this appendix we will explicitly derive the values of the J and K integrals 
which appear above. If we define 

1 l + R 2 A 4 \0 z s\ 2 ' { } 

then the integrals in question become (for simplicity we only consider the lowest 
component terms) 

J = J djdz A A , K = J d- z jdz A A . (A.2) 

E E 

It is important to note that the function / has singularities at the roots ei of Q. 
Thus to evaluate J and K we must first cut holes of radius e around each of the 
ei, i = 1,2,3,4, forming a new Riemann Surface S e with a boundary. The actual 
values for J and K are then found by taking the limit e — > 0. Since A is a closed 
form the integrands in (A.2) can be expressed as d(f\) and d(f\) respectively. 
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The surface integrals can then be reduced to an integral around the boundary <9E e 
Thus we find 



J = J2<fdzf\ z , K = J2fdzf\ z , (A.3) 



where ji is the ith component of <9E e . If we substitute in the expression for / and 
expand in powers of e we find 

J = -lY,<fdz\±l + 0(e), K=-Widz l --^ + 0{e). (A.4) 



zQQ w ' 2^/ zQ 

From here it is easy to see that the integrand of J has no simple poles in z and so 
J = 0. However K does have simple poles. After taking the e — > limit we find 



= — 717 



in fact one can show that all the e dependent terms vanish, where we have used 
the values ei = ±^/u ± A 2 of the four roots. Note that despite its complicated 
definition, K depends holomorphically on u and is independent of the constant 
-R 2 A 4 . Since the four roots ej are given by ±Vu ± A 2 we obtain 

K =u^- < A ' 6 » 

This is a remarkably simple expression and up to a constant it is the inverse of the 
discriminant of E. Lastly we wish to show that K is actually equal to 

To this end it can be shown that both K and E are modular functions of weight 
zero. Thus K~ X E is also a modular function of weight zero. Clearly K has simple 
poles at u — ±A 2 and furthermore, as is well known [2], r and a also have singu- 
larities only at these points. From the known solution [2] one can explicitly check 
that E has only simple poles at u — ±A 2 . Hence K~~ 1 E is non-singular and thus 
must be constant. Finally, by examining the perturbative regime where u — > oo, 
a = —2-Kiy/u and r = tq + ^ln(-u/A 2 ), one can see that indeed K = E. 
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